



































































































Jacobi ans of Compact
Riemann Surfaces

Avital Berry

Motivation Why should we considercompactRiemann

surfaces Let A be an abelian variety over 6 Then
Ald inherits a complex structure as submanifold of

P E It is a connected compact complexmanifold
and has an abeliangroup structure Note that
A d VIA where VEGS and 1 229

Let C be a smooth projective connected curve
over Cl Then CLE is a compact connected

Riemann surface So we have
c mus Cla

mm

JAEYET
can

where J X for X a Riemann surface is to be

defined We want to complete the analytic side

Remark Every compact connected Riemannsurface
is an algebraic curve 2






































































































For the duration of the talk unless stated

otherwise X is a compactconnected Riemann
surface of genusg

Goals i Define the Jacobian of X JK
Iii Describe its structure as a complex torus

We will view it as thequotient HEXOx H'X Z x
which is isomorphic to II for some latticed

iii Classify line bundles on X
in Definethe first Chernclass and use it to identify
the Jacobian with a torus

r Show that J X HON E HIX if time

permits
ri Play with the Abel Jacobi map if we have
the time






































































































Definitions i Div X is the free abeliangroup of

pointsin X
i A divisor is called principal if it equals

dir f ordp f p

where E X is meromorphic functions on X ordp f

is the order of thepole zero of f pl and fell x
Notice that dir is a homomorphism

XP DivX
and hence PrinceIX is a subgroup of Div X

iii We call

ex DivM
prince

thedivisorclassgroup
in Divo X is the kernel of thedegreemap i.e
deg Div X Z En na puts Enna It is a non trivial

result that principal divisors have degree zero So

we have that Prince X is a subgroup of Dii X as

well
v Denote

celex Did
prince

We then have

O Ceo x ex Z O






































































































Theorem Clo lx can begiven the structure of a

g dimensional complex torus i.e the quotient of a

g dimensional complex vectorspaceby a lattice

Definition The Jacobian of X J IX is Clay

togetherwith the above structure

Our strategy for the proof is
i Show H XOx H X Z x is a torus in HUXOY
Gi Show this torus is exactly ClkX CH X Ox This
will be doneby means of showing that both identify
with thekernel of theChernclassmap

Ci HEX OY tax 27 2

Definitions lil A differential form on X is a

section of the exterior algebra of the cotangentbundle
over X Differential 2 forms can be integrated over
X

Iii A form a is exact if thereexists a form p such
that a dp
iii A form a isclosed if da 0
iv The deRham complex is the cochain complex

O rout d re x dry s






































































































where RYX is smooth functions on X for i O and
i forms on X for i 0 The differential isdefinedby
a da is the differential of a for a O form x b

dda 0 for a a 0 form c damp damp t

I 1 andp
The cohomology of this complex is the de Rham

cohomology Hair I closed i forms exact i forms

As a first step we mustclassify linebundles on X Let
M be a linebundle on X with di Milli Ox a
local trivialization ThuspilotOx Uj Oxley Hence

tip isgivenby fi jeOxUi ie ti is a nowhere zero

holomorphicfunction We see tht

fijfjnfuifif.to fit it 1
Therefore fij defines a t ocycle for Q
We have thefollowing isomorphisms

fish HUXOY É H XOy I Of torsors

Let P be an Ot torsor So we have the action of Ox
on P Then we have a linebundle

PYOxePic X

Next assume we have a linebundle M Wemap M

to Isod Ox M The action

OF Iom Ox M Isom Ox M






































































































is givenby
gif fog

One can show IsomOx M x Ox M and

Isom_Ox P x Ox P choose a trivializing cover for

each From this youget local isomorphisms to the
trivial bundle or trivial torso r and show that they
gluenicely on intersections

From this weget

Theorem There is a bijection

H X Of isomorphismclasses
of line bundles on X J

The short exactsequence lexponential sheaf sequence
O Ex Ox E'sOf 1

gives rise to the exact sequence
HEX IN Hex Ox HIX Oil

This short exact sequenceexists since the

exponential defines a homomorphism Ox Ot For

surjectivity let seOille take a cover of Uby disks






































































































Ui Then for each Ui we choose a logarithm and
define ti togais So we have that slut et'm

ti and

thus the exponentialmap is surjective Some

normalization of log might be necessary
We want to study the first group in the long exact

sequence Consider the exact sequence
gt

O E Ry dy o

from which we get
HA Rx HoH UH Ha Z x thx Rx

X is connected and therefore we have a
identification X RY E R U 1 THX UCI x
Hence thx Ex thx Rx is injective Now we have

O Ry CE ftp.ce O

Ar Ar O

where CI is thesheafof real valuedsmooth functions
and Erica is the sheaf of real valued closedforms The

map d is associated with thedifferential of thede
Rham complex of a real manifold To see that d is

surjective let seEEee U Take Ui disks ByPoincaré
lemma Stu is exact We define ti by Stu dti and we
have surjectivity From this we have

CTRIX Ence X H X R x HEXCE
An element of thx CD is represented by a cocycle






































































































fi eCpf Ui Choose a smoothpartition of unity Yi
subordinate to the open cover Ui Let

it Yu fik

We compute

i d Yu fine fin

By the cocyclecondition

Unfig figEun

Since yn is a partition ofunity
fij

So fij is a coboundary and X Ch O

From this we obtain a version of deRham's theorem

Theorem
H X R x E closedreal 1 forms exact real 1 forms

Byde Rham'stheorem H X R x is a 2g dimensionalreal
vector space

Proof We havedonemost of the work we justnote
that the imageof CYRIX in EE.eeX is bydefinitionthe
exact forms






































































































de Rham'stheoremand what we have provengive us

HEX RE HIRIX HEX RI
For the dimension considertheshort exact sequence

O ex at rig o

Weget a triangle
Rr X Ex Rr XOF Rr X 52440 s

Therefore
X ex XCRY XCOM

2 dim Hix Axl g I I g
dim thx Rx dim HEX Ex 2g 0

Consider next H X Z x CH XRx Like for R we have

an isomorphism

HEXZx H X Z

H X Zx can be identified with thesubgroup
representedbyclosed 1 forms a such that

Jaez

for all closed loops to X It is sufficient to check for

Ta ok a homologybasis of Ha X Z Therefore
H IX Ix forms a lattice inside HMX Rx

Theorem H X Z forms a lattice inside H xQ1
Therefore the quotient is a

g dimensionalcomplex
torus






































































































Proof Since HMX 2 is a lattice in HX Bl weneed

toconstruct an isomorphism tilt X R HEXOx

compatible with themaps H X 2 H'X R The map
IT is the one induced by Rx Ox It is not obvious
but we havethe following isomorphisms 33

H IX R harmonic real 1 forms

H XOx antiholomorphicL forms

Given a we have tea No HeHMXOx
HUX R HEXOx

h
Iforms at I forms

facedz tf Z der f z de
The inverse is the map sendingpelt XOx to

PtfeH X R O

Now that we haveshown that the image of HEXOx in
HMXOy is a torus Recall
H X Z HEXON HEXOY H X 2 0

H X R
We can proceed to showthatClo X coincideswith the

image of H X Ox For this we start by defining
the first Chern class






































































































Proposition M lies in the image of HEXOx if

calm O Where c is the connecting homomorphism
H XOY H X Z and c 1M ca Cfi

To understand c better we will showanother

interpretation of it We can map calm to

H IXGx EHH IF HERa X under the embedding
Zx Ax Thencalm is a differential form We have
a commutativediagram with exact rows

O Ex 0 01 1

Eadlog
O
Lx try so

where dlogf dflf We have
H XOx HMXOY tax I HEXOx s

HIOH HAIRY HUHG HIOx
from which we get that callfi is the coboundary
of

Wii't Eff dlog fi
Wij is a holomorphic 1 form can bethoughtof as smooth

By a partition of unityargument we can find ai such
that wig ai ai Let pi dai When restricting to Cli weget

pi pi dai day dwi

Eaddlogfi O






































































































So the pi glue nicely p is a 2 form and X is
2 dimensional real so we can integrate p over X to

get a number in E because X iscompact Since
there is an isomorphism HMX47 0 we can treat

Cs M as a number

Proposition c OCD tdegD for a divisor D

Proof Suppose X PE D 1 0 Then

H XOx HEXOH H X Z H XOx
8 How I 8

So c OU I deg0117 We claim this case is

sufficient
Let X bearbitrary again Suppose D nix By
Riemann Roch if no 0 is largeenough there exists
f X pi such that O D f Oct and D F O as

sets Therefore
c OCD Fc O DEH X Z Z

f f 1 1 Idegf n
HYPE I Z

Provided that x commutes we are done But we

can view 011 as the linebundle associated to x as a

divisor and then f Ok is the linebundleassociatedto
f x Sothen we have degf x degf deg x whish






































































































implies degf n O

This completes theproof of the first theorem

We want to giveanotherdescription of J X Wehave
H X 0 71 HIX RY

welp fpaw
where w is viewed as an antiholomorphic 1 form
Weclaim this is an isomorphism Observethat both
sideshave dimension g and since if p 0 then

Bnp O

and we have that the kernel is trivial Under of the

image of H X 2 in H XOx is mapped to the

image of HalX Z in HIX 47 by
r f

Therefore

J x HONAHH X Z






































































































We carry on to the finalpart where we discuss the

Abel Jacobimap

Definition Fix a basepointpoet Define the Abel
Jacobimap

a X JN

x M X Po

Proposition a is holomorphic

Definition The n th symmetricproductof X is

SX X XI'Sn

If za zn are localcoordinates of X then the

elementary symmetric functions give us local
coordinates ti za zn on S X Thus S X is a

complex manifold S X corresponds to effective

divisors of degree n since xu a txt txu is

stable under permutation and xat xn is effective

Define

an S X JIM
Xzt Xn Xs pot Xu Po






































































































Theorem i Abel If Des X then the fiber

an an D consists of all effective divisors linearly

equivalent to D i.e D such that D D isprincipal
ii Jacobi ag is surjective

Corollary If X is an elliptic curve i.e genus 1 then

X EJ X

Proof Note that a 2 So x is holomorphic and

surjective Let peX Then HUXOfpll is a vector

space over Cl and by Riemann Roch is of dimension
I and isomorphic to 6 So p is the only effective
divisor linearly equivalent to p Hence a hasdegree 1

and is then an isomorphism O

Corollary J X and SX are bimeromorphically

equivalent i.e there exists a meromorphic map
from one the other which admits a meromorphic
inverse
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